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Review on Math
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r : 5<-51

r[{£yb}]= { Is 2.4.53



{a.B34 r = { cash , Cbs2) , Cas4), Cbs5)}
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- -
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Formalizing Arrays as Functions Not partial Tnj ' o i 2
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Lecture 2

Part A

Case Study on Reactive Systems -
Bridge Controller 
Introduction, State Space, Req. Doc.
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State Space of a Model
Definition: The state space of a model is
the set of all possible valuations of its declared constants and variables, 
subject to declared constraints. 

Q1. Give some example configurations of this initial model’s state space.

Q2. How large exactly is this initial model’s state space?

Invalid Configuration/Valuation : witness of violation( C-4000 , 2--175>000 >{ ("TD1Y-4HD}

my> typing > propertiesaxioms
theorems
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✓
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Bridge Controller: 
Requirements Document

ENV4s5

•
Fit

• ← at.

-

ENVZ

:
-

→ E-descriptions
- ( working environment)

→ R- descriptions
(functionalities> properties)



Lecture 2

Part B

Case Study on Reactive Systems -
Bridge Controller 
Initial Model: State and Events



Bridge Controller: Abstraction in the Initial Model
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Bridge Controller: State Space of the Initial Model

Static Part of Model

Dynamic Part of Model
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Bridge Controller: State Transitions of the Initial Model

d = 2
n =

State Transition Diagram on an Example Configuration
d = 2
n initialized to 0

d = 2
n =

d = 2
n =

d = 2
n =

d = 2
n =

d = 2
n =

d = 2
n =

Trace :

(HL-
outs

HL-0^+3

abstraction met >

fw.r-t.BE?.Ext fait

qui <
" "

¥ 0

spot E s

TIENEN
y

'¥1
,

I

FK2

:# ¥
""
""d ' ¥

;
" """ ⇒ "www.aoeme .

Are Htin and HL
-
out specified correctly

St . there's not a trace leading to
invariant violation .

j
EH iii.↳ IV.

win
it

deified ↳
becomes events

°
all.tn>

- tÉ%lÉ^&I
.



Before-After Predicates of Event Actions - Pre-State
- Post-State
- State Transitionfight
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Part C

Case Study on Reactive Systems -
Bridge Controller 
Initial Model: Invariant Preservation



Design of Events: Invariant Preservation
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Sequents: Syntax and Semantics
Syntax

Semantics

Q. What does it mean when H is empty/absent?

→ hypotheses/assumptions
( a set of predicates )µ£⇒t¥;ÉÉÉ" ""

""¥ I
> might be empty1- 1-

identity°f⇒
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PO/VC Rule of Invariant Preservation identity of
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PO/VC Rule of Invariant Preservation: Components

c: list of constants
A(c): list of axioms
v and v’: variables in pre- and post-state
I(c, v): list of invariants

G(c, v): guards of an event

E(c, v): effect of an event’s actions

v’ = E(c, v): BAP of an event’s actions 

pre-EHE.cn>
( ⇐ <d > p¥*v:<re> f5

" Eed>sand in
'
>=<n-11>

:<ÉtachPo rule
= EM
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A-KHE aXM0- I < two- I a. TWO-2>IT-kdssaj-o.ua/BAP:/nI-fn-tYLn3--Ln-DIzKdysLnD---nvO-Z
↳ determines arabledress of event

→ ↳ values of variables in post-state i.to
pre-

state exp.
=



PO/VC Rule of Invariant Preservation: Sequents

Q. How many PO/VC rules for model m0?

for as-ng-knditkn-nv.to>for a

Rule ofpoc.IP.IT#%ed
WE →

→ £¥←%, ✗ pre
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the •

guardsguard IT
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←←A gent
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•
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-
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.next ② dnÉ¥
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Q. What does it mean when A is empty/absent?

Examples

Inference Rule: Syntax and Semantics
Syntax Semantics

Think d- anIR

sequent stating that
µeadq ✓ k¥q¥aq¥q¥A⇒

""⑨
an implication whose

%¥qÑ¥ antecedents consequence are both

µeq←
"

f sets of predicates and that
c.
to

%Ef£¥ implication is an axiom ready -house.7- "to prove C
> nothing else to prove

"

✗ ✓ ✓

serpent H→kfpth"" * ⇒ G)
⇒ (neN⇒n+IeÑj

1- t.tk#ediMHsIRz- ⇒ ate ,# ⇒g)
IR> The

axiom

↳→goal +111-4+11-1=>4 ✓f±cneN⇒n+1p¥)
H1D-1HG "m¥notonxxymnEÑtn+kN"tH⇒Gm a tHz×Hz⇒G tneÑ⇒nHEN



Proof of Sequent: Steps and Structure

Outstanding Sequent to Prove

ML_out/inv0_1/INV

Known Inference Rules

⑧

②

② ⑧

Itf H1 MEN
' MON

In+ I c-µ
PZ

+
to prove

the "
"d'

µ, µftp.yaeptge
this "
""d.

outstanding
segment,



Justifying Inference Rule: OR_L

/
.

"

/
.

✓

/
.

( p ⇒ R) A ( Q ⇒ R) É ((Pua) ⇒ R)
(p⇒ R)

A (a ⇒R )

= < def. of imp: p⇒G⇒pvq >
(☒ ✓ E-) A (④ ✓E)
I < def. of dist. V over✗ : puff✗ D= #⑨ ✗ ¥④ >

Rv ( Ipa of )f
= < de Morgan : 7 ( prog 7=-717^79 > Q
>cpvqihv I = < def . of imp .> pug ⇒ R



Example Inference Rules



Discharging POs of original m0: Invariant Preservation

ML_out/inv0_1/INV

ML_out/inv0_2/INV

ML_in/inv0_1/INV

ML_in/inv0_2/INV

How Pz Now
""

?1-
RHEA RIEN

MON rkd ?
How red ORRIYID

1- . mad
""

tried it-Kd

A.¥1.<d.vn. -1 d



Discharging POs of revised m0: Invariant Preservation

ML_out/inv0_1/INV

ML_out/inv0_2/INV

ML_in/inv0_1/INV

ML_in/inv0_2/INV

Exercise
. How

H >0

Ladakh 1-

Me
as " we,µ

P2
'

⇒ correct

÷;¥:*"
NON Md INC Exercise

1-
Riled
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Part D

Case Study on Reactive Systems -
Bridge Controller 
Initial Model: Invariant Establishment



Analogy to Induction: 
Base Cases ≈ Establishing Invariants

Analogy to Induction:
Inductive Cases ≈ Preserving Invariants

Initializing the System

c = ?
v = ?

c = ?
v = ?

c = ?
v = ?

ML_out

ML_in

init

The Initialization Event

→ ASH

p(,
murmur

ftp.YFpost-S-a-e → Heart

p(⇒ P④⇒☒ Two
-VINV

: I

pve-sta-e.fi#dwIaY4he Iassume ¥Ip¥-state)
systems firstlaunched.

(pre
-state

+ ①.

"IN ✓ wdjfpqst.tk#RINcIplESBAP:rEi
1- "it has no guards (

unconditional)
'

¥¥:¥¥:*
( no pre-state constraints) f

2. only use constants to specify bmpYdabs-wactñn)
the post- state value



PO of Invariant Establishment

K(c): effect of init’s actions

v’ = K(c): BAP of init’s actions

Components

Rule of Invariant Establishment Exercise: 
Generate Sequents from the INV rule.

✓
constants

who specifiedconstants
.

/ it'% #
eats.

✓ ✓
✓

'

. I BATHE £
only the notion
ofpost-state

applicable.

✓

-in;;;§÷%¥¥f¥É%¥ "" ' initial-HIM initlñvo-211in

deal
1-
DEN

I. Kidsingkwarjfdxion.li post- state
"
"" t
#variables

of w.v.t.in#ationh. 0 0



Discharging PO of Invariant Establishment

How to ⇐ ☒
É

✓

P3

= "
"

"
"

-

-

-

- de E- - - - -
⇒ = =
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Part E

Case Study on Reactive Systems -
Bridge Controller 
Initial Model: Deadlock Freedom



PO Rule: Deadlock Freedom

Exercise: Generate Sequent from the DLF rule.

→ñI¥r

¥

I
.

it

=EE%es
✗

② Instead, we're concerned about if there's even a transition in

popve-statepost-statetheibE.IE/ii.e-s::aesnadvnsoaneto:*:&;É¥ .ie#%fand-*west.na . ✓ +;¥,
about:{
"ftp.ff-tovpre. ✓ ✓

→ DLF ✓ n.cn .



Example Inference Rules > To prove the consequent, lie. consequent
it's sufficient to prove nothing. provedauto

.)

ftp.tottowi
a

→ true
,D-

-
- "

top
"

axiom > Hap⇒ p
> 1-⇒P czeoof > P⇒T=_ Tczaoof⇒

IRS ↳ theorem without further justification ⇒

7 I E=F
• T

tonf RET

hypothesis
: t

n fEYE;DExacting
"" tomb-1-1 tonight
→ replace occurrence 1-

oft by R replace FB1E



Discharging PO of DLF: First Attempt
* d > ☐→ max# cars > I

t
* A >

ozmak-g.hu/dbeawtdednE%EEEn.d#carsxiMomaif
be sufficient

nad nad
DEN Haut HYP

;
""
°

new tndvn >O91-1MD
' jjppq.io#---rkdvn--dH0Nmdvn=d0R-( ✓
i t

' 1- ?

I rkdvn>0 rkdvn >0 n=d n=d

t.rkd.vn?oEd-""didvd>☐"""d-edi-doig.tw.

'

!
i. µ.ae guilt ✓

alternatively n=d "
.

µL
" Mont :EQ-RLtmnvnxxni.nu'

'
- ---
-
--- - - --- - - -- . . . .

. - - - - - - - -450



Understanding the Failed Proof on DLF

Unprovable Sequent: ⊢ d > 0

D d--0 : Max 0 cars
on the IB amp.② A-0 bYTnTtRE0

d>so

AXMO-2 :D>o n:O

↳ version on mode based onA
f d--0

: deadtockhappensn

7 ( d >0) is possible for MY
't : " ☒< DX ✓ I > 0 → fake tO O

'" t

so DE0 both events are disabled

↳ deadlock !!
② Axiom0-1 : d c-Ñ ( d > o)

> D= 0 ( counter scenario for deadlock freedom)



Discharging PO of DLF: Second Attempt
added axiom:
limo-2 :D >0

✓
> d>0

of DLF

Hsptp
HYP

>do

d >0

do

'"
✓ .¥;fq;:d¥¥m"

d >0 ftp.d?jd/d.o,typ



Summary of the Initial Model: Provably Correct

Correctness Criteria:
+ Invariant Establishment 
+ Invariant Preservation
+ Deadlock Freedom

f-
"¥:*mat

¥::L
.

that

- deaf!¥[µbÑIpopup.



Lecture 2

Part F

Case Study on Reactive Systems -
Bridge Controller 
First Refinement: State and Events



Bridge Controller: Abstraction in the 1st Refinement
m0:
initial, most abstract 

m1: 
second, more concrete 

i.
in:{ÉeEÉ¥ñ:#no"

niabsq.AE#&t::iiibs;yaE:Ef;&!P""Ed .
Fridge)

no state space : abstract state• ¥Yµ¥g¥g"µn wh state space : concrete state
some stiffs d- details
diff

⑦
these tudou.is
I:* !µ¥Ei



Lecture 2

Part F

Case Study on Reactive Systems -
Bridge Controller 
First Refinement: State and Events
(continued)



Bridge Controller: State Space of the 1st Refinement

Dynamic Part of Model

Exercises
inv1_4: linking abstract & concrete states
inv1_5: bridge is one-way

Static Part of Model

>
I:# arpad .unsafe :

G- 2

water
""""
"

ET

µ,
dÉejÉsa¥Ñ

' "
" " "

"

heading;%d
IN .

.

b=T ¥114
• abstiffa.ie ↳crash

.

! i

t cabin _⇒ .

. A- atbtlneed
concrete

the't ' heading -6C-ioYE-E~haate-nd-b.to
flow -61L flow -6Mt mainland↳

µ refinement M1 disallow .
(HL)

n a. bad

-

AXMO-2:D>0
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Bridge Controller: Guards of “old” Events 1st Refinement

ML_out: A car exits mainland 
(getting on the bridge).

ML_in: A car enters mainland 
(getting off the bridge).

I

← '"
→

abstract: £1 :(I @
a+b=n<d

1-

⇒
'Ii.in#fi:a+bcdncd
✓ Post-state F

→ n'=D ntkd
BAP:d=a+l a'+b'+D= n' (at)+b-10

To'=ba 1=0
= .

÷n
.

#

E-c

unnecessary :
a9¥ ¥ :

.

.

→ ned|n¥ÑaxD.

,
⇒ 4=0

Tnvl-5 : d=O ✓ (=D
GI :C >0



d = 2
a = 
b = 
c = 

d = 2
a, b, c initialized to 0

Abstract m0

Concrete m1

Bridge Controller: Abstract vs. Concrete State Transitions

d = 2
n initialized to 0

d = 2
n =

Scenario
- car leaving ML
- car entering ML

d = 2
n =

d = 2
a = 
b = 
c = 

d = 2
a = 
b = 
c = 

d = 2
n =

abstraff.it . state
T

HL0Y
,
.MY Exercise.

>
✓ Fit

>
☐ a

^ 1

i

µt4
: Linda!#v1.4:

gravid
"

atbtlbfiai.tk
'

µdH "

if i

"

n
'

?both www.obks I ✓

i
TH -

og
HL-at

G- >

MENtow * state



Before-After Predicates of Event Actions: 1st Refinement

- Pre-State
- Post-State
- Sate Transition

>post;E¥
>
evaluationactions [

↳ becomes
*PIE

✓as if : a :=a b :-b



States, Invariants, Events: Abstract vs. Concrete
Abstract m0

Concrete m1

µ
abstract version

abs . <
variables
(abstiffa.ie) ii.

Hate

crabs . invariants >concrete
ending abs

-

"Effy) ( versionjpeiialk-ndofbn.TN.involving both
L state spaces

concrete on .

variables state

( concretestate) wars
.)

> concrete invariants ( involving at least for .



v and v’: abstract variables in pre-/post-states
w and w’: concrete variables in pre-/post-states

I(c, v): list of abstract invariants
J(c, v, w): list of concrete invariants

G(c, v): an abstract event’s guards
H(c, w): a concrete event’s guards

E(c, v): an abstract event’s effect
F(c, w): a concrete event’s effect

PO Rule of Invariant Preservation in Refinement: Components

Abstract m0 Concrete m1tabs -yards
concrete
guards

!
vw

→ titanate =

EC4H of HL- out :<n-11>
affair,abks
"" '

f- (↳ E) of 1dL- out :<at > bsc >



Lecture 2

Part G

Case Study on Reactive Systems -
Bridge Controller 
First Refinement: Guard Strengthening



satisfying values

P ⇒ of { ✗ IPCXBE {✗ looks}

Get>
"

P is stronger than G
" P"

"

G is weaker than p
" \

✗ >0
✗ >0 is stronger than ✗so satisfying

values

✗70
✗"° is weaker than ×>☐ of a stronger

pad""

✗70

✗>
0✗ >0 ⇒ ✗70
µ,;

.

•→ 1=0



PO/VC Rule of Guard Strengthening: Sequents
Abstract m0

Concrete m1

Q. How many PO/VC rules for model m1?

+dependant
i. in.

✓

✓
>

>
- -
→ aol.TN.

→
→ argued

on
event ✓ Tsñg%d .depends

=
-abs.qardmdffdaa.imDEN axmo-1

- d >0 axmo-2 HL0H-1RD
MEN TN0-1
NED TWO-2 abstract
GEN INI

- I

bet our fried guard
2 (C-☒ TN1-3

→# abstractguard conditions a+b+c=nñvt4 Exercise
¥""

G-OV1-0TM-5
•+ bad} concrete gds

Form
""

c- 0 of H<out
µL-ñ/GRD



Discharging POs of m1: Guard Strengthening in Refinement

ML_out/GRD the

→
when

applying
MON
IR,

guide
yourself

BY which

gÉEgp¥sestod°P
.

a-bti-natb-O-ila-b-o.it a+b=n not
✓

µoµa+b<datbcdatbcdgpxf-tbd-td.LI?tHYpc=oEd-lRc--0ttNtmd4ncdMON hadtried that
arithmetic
(bait)



Discharging POs of m1: Guard Strengthening in Refinement

ML_in/GRD beb% ✓

n=⑥¥I
1>0

.

.

✓

-

BEN
QtbH=n

BEÑ BEN

O-ibtf-nb-t-nb.CN. a- 0 - Ed
-
LR
, c>o ARE so AR1M>☐ ✓

µ .

"° MON tu >☐ tnx.tn>OH"P

viii.
. How

dtb+c=n' +

give :O OR-L ) n"

I >O
'

BEN
a+btC=n ✓

GIN 1-
to Edith,

050
H>0 c.so you tn>☐

ARIF FALSE
-
L

DO
tn > 0
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PO/VC Rule of Invariant Preservation: Sequents

Q. How many PO/VC rules for model m1?

Abstract m0

Concrete m1

\

Effect of
✓

.

>asingbf.IE?nd~abs.vas.BAP:n'--n+-BAP:n'--n-f
.

→Effect of
ton - Ves

.

*¢+54K- n
'
**¢-0 ✓ CEO tkioiltlñvl-4/INVNL-iknvl.li/INU(a-D-b-c--n-lA

.

(1-1) DEN axmot DTN axmot
d >0 AXMQZ d >0 AXMQZ
MEN TWO

-
1 MEN ñvO_ I

NED TWO-2 NED TWO-2
GEN INI

- l GEN INI
- I

bEÑ TN1-7 BEN Tull-7
CE10 0NI-3 CE10 0NI-3✓

BAP:(
'
= a-ib-c-n-nvl-4a-b-c.it Tail_4✓ RAP:& Taka. a=Ovl=OTnvl-5 G-OV40-1NI-5

2*5=10 "¥&=I . xb'=ba+b< d l >0
1=0# * 1- **

1-
(at=-a=-O



Visualizing Invariant Preservation in Refinement
Each concrete state transition (from w to w’) 
should be simulated by 
an abstract state transition (from v to v’)

•

abstract state transition

←

•

. .

00 P¥a.uspre
-

states ftp.ete "
"

confetti.satisfied satisfiedpe.HN post-state
• •

concrete state transition



Discharging POs of m1: Invariant Preservation in Refinement

ML_out/inv1_4/INV Exercise



Discharging POs of m1: Invariant Preservation in Refinement

ML_in/inv1_5/INV

.

Exercise
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Part I

Case Study on Reactive Systems -
Bridge Controller 
First Refinement: Inv. Establishment



K(c): effect of abstract init

L(c): effect of concrete init

Components

Rule of Invariant Establishment Exercise: 
Generate Sequents from the INV rule.

PO of Invariant Establishment in Refinement

Q. How many PO/VC rules for model m1?

-

BAFA:-O * ¢+bY+¢=Xo
'

0
.

0
.
Q''

b'
to ** ¥-0 ✓¥0

Hit /HV1-4/INV ☒lies/INV

.

pst-%fe.TN' DEN
d >0

dew
d>0

1-* 1- **
# An .TN. Cord . 5 .

0+0+0=0 0=0 ✓ 0=0
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Events abstract
HL -out events

Mo Nk
-
T^

^

refines prorated
""

that
M1

when tguards strengthened
② actions change amateurs.Ilir

Il-out

titonwete events- '
'

"

"
"
"

'

new events



Bridge Controller: Guarded Actions of “new” Events in 1st Refinement

IL_in: A car enters island 
(getting off the bridge).

IL_out: A car exits island 
(getting on the bridge).

M0 My IB HL

-

.

. Ith
'

.

in-out

< •
<
.•ÉÉ •< ?

•÷ a-ibo.cl?uuneass.T.at?=a-ioii-iiIL--n
to :=b -11 u

but b=d cat) -116+1)
which will 11

violate :nEd atb
② ML-out
earlier for
the same car

a=Obb:[
b- ,

already
checked

C :'-( +1 it



Before-After Predicates of Event Actions: 1st Refinement

- Pre-State
- Post-State
- Sate Transition

Concrete State Space

-

.

↳ h
.

aka -1 b'= b- I
^

^ C'=L -11
b'= b. + I ✗
''
c'=L a'= a



Visualizing Invariant Preservation in Refinement
Each new state transition (from w to w’) 
should be simulated by 
an abstract dummy state transition (from v to v’)

d = 2
n =

d = 2
a = 
b = 
c = 

d = 2
a = 
b = 
c = 

d = 2
n =

d = 2
a = 
b = 
c = 

d = 2
n =

abs.si?%aFmgri--n-FtneGErswi-nitHL-0dj
,
skip ±

abstract transition by skip. >
on

^ I

post
TÉae state i

µt4
:

t.in#ed-wt4:-nvl-4:atb+lbfia'+b4i1oi+bYIbnwete
,newest transition k ! "

n
'

n
'

CIL-HEIL.at ) 7-

ib:O
<

at

ñj o

,
in-out

:&
It"

> ; §



PO/VC Rule of Invariant Preservation: Sequents

Q. How many PO/VC rules for model m1?

Abstract m0

Concrete m1

IL_in/INV1_4/INV

IL_in/INV1_5/INV

skipper)
DEN
d>0
MEN

abs.TN. need
an.twac-N-tla-D-lb-D-C-iloon.gr?effdeceofbEN

. now LEN
•t.a-ib-c.ua/tbY-cY=n

'

→

effect of skip a=0vc=° (a-1) CB1-1JC N
.

. A >0B$
:{<of
tj=b+l DEN

d>0
.

' new

ns.dac-N-t (4-1)=0 ✓ 1=0
BEN
LEN
a+b+c=n

¥-0 ✓ ¢-0
a=Ovc=0 d- I C
a>0



Discharging POs of m1: Invariant Preservation in Refinement

IL_in/inv1_4/INV

-
-

atbtC=n htbtC=n
MON t ARIT HYP

(A-1) -1lb -11)+C=n a+btl=n

-



Discharging POs of m1: Invariant Preservation in Refinement

ML_in/inv1_5/INV ✓

✓ ✓

G-0 0>0
a>0

A-Out-0 +. Edith, t
- ARIF

HON "° .
'

0th-① """ "" HOW ""°
""""" ✓

FALSE
,1-

(a-13=0 ✓ f-0 1=0 1=0
a>O

' OR-Rza>oHYP✓
pre;¥Éfaceñ^ t t

•find-5
la-D=OvcIo 1=0

post-state
satiation
of arts
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Livelock Caused by New Events Diverging

An alternative m1 (for demonstration) >

incomplete
"

( W:&:*:*
① safety 01!¥s

.

relativewhilethree,
n

" old"events
.

"Gents
.

→Shockingly,
'

,
to

this model Cani be

proved correct!wr. -1 .
iv. preservation .

Abstract Transitions :< init
, skip , skjpsskjpa.sk#s--- >

brane Transitions :< init
> I¥EEEEEEEEEÉÉfÉxdy , events

.

D Et deadlock
② tvelock ". nothing useful £%w•

""

preventing other
"old"

diverge



Use of a Variant to Measure New Events Converging

Variants for New Events: 2 · a + b variant: 2 · a + b

occurrences of 
concrete events

<init, ML_out, ML_out, IL_in, IL_out, IL_in, IL_out, ML_in, ML_in >

a = 
b =
c =
v =

a = 
b =
c =
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

>
newfoldout events
-

preventing Exercise
- divergent .

but
. trace

✗ with 011 .
• of that

✗

>gfat-bexpevaha-edaf-ereachat.amwere
-

.

= 4-1. MEN

"

It /
•

It /
'

f
- I. j→¥µ÷:ÉYa%k+oow

"" ":*

" - ( • →
%L
"- &

races

• becomes0 I 2 I 1 0 0 0 02 -••p%Ébe .0 O o I 0 I 0 0 0 •

O O O O 1 I 2 •

☐

• • •• • •

0 2 4 3 2 I & { Fit To F0T-1IO ILIOM:/HI



PO of Convergence/Non-Divergence/Livelock Freedom

Variant Stays Non-Negative

A New Event Occurrence Decreases Variant

variant: V(c, w)

occurrences of 
new events

IL_in/NAT

IL_in/VAR

Variants for New Events: 2 · a + b
↳applicable tone events

-

DEN
d>0
HEÑ

ns.dac-N-bewl-2.G-ibc-N Vccsw> >f(↳ w)
LEN
a+b+C=n
a=Ovc=0

•

at
a>0

•
V4>W

'

)

>

NC4W
)£Ñ
TO

SEE
DEN
d>0
new ☒

effeiff.tot.pt" red
GEN

T new 1-2-(9-1) -1lb-11722.4lb VIC>w)=2a¥b
LEN

a-ib-c-na-ovc-oVCGWY-2.a-b-2.la-D-lb.tk
> post- state a >0
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Idea of Relative Deadlock Freedom

DLF provable DLF unprovable

{ ✗ 1 Paris

stronger

weaker%" abstract state does#
deadlock

,
then the

⇒

corresponding concrete state doesn't
DL .

a state for which
the abstract
model 1-

doesn't •
EVH

DLTS C- It the scenario

actually a n existingtrail
.

the state for concrete model . (⇒ the refinement introduce a



PO of Relative Deadlock Freedom

Concrete m1

Abstract m0✓

① DEN⑦ d>0
→→ new D(a+bkdAC=O

ns.dac-NBC-hfa-ib-ic-n/- ✓ C >☐ ③

ten ✓ A >0 ③
a=0vC=O③ ④

. (n<d)uh>07 ✓ ( b>07×(4--0)
④



Example Inference Rules
-✗

H ⇒ Pro

>= { def. of ⇒ : ✗⇒1=-7×13
>HVCPVQ)

= { commutativey : Xvlifv-23=-41×7 }→

GH up) v Q

= { double negation :p _= up}
77 C7H up ) v Q a.

del .

= { de morgan : 7 (✗ ✓g) = >✗✗ if}
7 (HA7P) v Q
I { def. of ⇒ 3

↳
HOP :

Harp ⇒ Q
0TH



Discharging POs of m1: Relative Deadlock Freedom

Part 1

IExe!



Discharging POs of m1: Relative Deadlock Freedom

Part 2

YET .



Initial Model and 1st Refinement: Provably Correct

Correctness Criteria:
+ Guard Strengthening
+ Invariant Establishment 
+ Invariant Preservation
+ Convergence
+ Relative Deadlock Freedom

Concrete m1

Abstract m0→

→

.
→

→

→
→
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Bridge Controller: Abstraction in the 2nd Refinement

m1:
more concrete than m0, more abstract than m2

m2:
more concrete 
than m1

a

c

b

m0:
more abstract than m1

E-desorip-ioffwaonma.edu
constraints ) ✓ µp*^tassume >

• other www.Y?pY.Iaxed
mainland

replaced >

war .
^

a.
bat superpositionñfµdÑ >o-Y.to?itindues

② Tntomttls -1+1 Island



Bridge Controller: State Space of the 2nd Refinement

Dynamic Part of Model

Exercises
inv2_3: being allowed to exit ML means limited cars & no crash
inv2_4: being allowed to exit IL means some car in IL & no crash

Static Part of Model

* il.tl -_ green ⇒
b >OAa=O

** me- te -- green ⇒
a+b£d^C=0

{fixed
.

a+b<d×
@ carabout
← Feral

a+b=d
> = the

**
✗
t HL

* . (atD-b>d~
t
violation of

✓
capacity .ref .

*



Bridge Controller: Guards of “old” Events 2nd Refinement

ML_out: A car exits mainland 
(getting onto the bridge).

IL_out: A car exits island 
(getting onto the bridge).

^

EH •

,
ill-
out

> fÉ,
Min ✓Éract guardsIL.at driver

peeped
"

→ml.tl from me :

1- Yeah to ✗ ④bad )
←
all these

¥%d¥

ie.tl/%Eac- guards be

tom wh :
adina's
fallen

girl
A-0 ✗ b >0



Bridge Controller: Guards of “new” Events 2nd Refinement

ML_tl_green: 
turn the traffic light ml_tl to green

IL_tl_green: 
turn the traffic light il_tl to green

① < Tritt , - - - still-tl-green, that , - - - , - - >✓ ill-tl-green② ②

<
I4H 1UL-out

all-in ✓ me -+
f- red

out
> ✓

⑥
> L

turns
④It .tl-green mete got [=p

a car a+b<d)
b[¥ne✗Ht" " I

µµdt
"" abstract guardsof

HL-at-nnh-urns-l-tltogeefseffacaro.net#'f-,l--l=red
ILLIL

-0¥) 4=0 ]b >0
111

abstractguardsof IL-out in Mi
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PO/VC Rule of Invariant Preservation: Sequents
Abstract m1

Concrete m2
ML_out/inv2_4/INV

Exercise: Specify IL_out/inv2_3/INV

✓ post-
state

version

of Tui

* tl-tt-gre.at⇒ b
'
>0nA'=O

TH b at

•

abs .
-

TN'

for.TN.

BAP:a'=a±
To'ÉÉ×me.tk

.net
✗
All:-# arguedd- that

*



Example Inference Rules
Nodus parens
*⇒f) xp _=f

,

✓ implicate hypothesis
shunting

⇒ p×q⇒r =p ⇒ q⇒r>
✓ implicate goal

Contrapositive :
⇒

iP⇒Eo⇒p p⇒G = if ⇒ >p



Discharging POs of m2: Invariant Preservation First Attempt

ML_out/inv2_4/INV

Outstanding Sequent
green =/ red
ml
-tl = green

-11-+1 = green1-
1=0

>
.

'

.



Discharging POs of m2: Invariant Preservation First Attempt

IL_out/inv2_3/INV



Understanding the Failed Proof on INV

Unprovable Sequent: 
green ≠ red 

∧ il_tl = green 
∧ ml_tl = green 
⊢ 

1 = 0

ML_out/inv2_4/INV IL_out/inv2_3/INV
✓

-

✓

%¥Éya+i
•! all-out ; (ink

-37

1=0
+ ""
III.out • É)µ§diÉ°^⇒a;fH '

'
i.
- -
- -

y .

"
"
i
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Abstract m1

Concrete m2

Exercise: Specify IL_out/inv2_3/INV

Fixing m2: Adding an Invariant

ML_out/inv2_4/INV



Discharging POs of m2: Invariant Preservation Second Attempt

ML_out/inv2_4/INV

green ≠ red
ml_tl = green
ml_tl = red ∨ il_tl = red
il_tl = green
⊢ 
1 = 0

greent-ved.greent-redgreet-redml.tlgreen green __red.' ml-tl-ved-td-LRs-q-f-gee.it/OT-L-l--l=8eMHyp
•

"

"

0Th
-
l +1=4" "" t -1=0

"°

1- 1=0 1-green
-
-red

.

.

.

.

green # red green# redme-tl-geenml-tl-greMEQ.LI?.ml--l=geerNoT-Lred--green HYP.

il-tl-redHON.red-green-l-tl-g.eu 1=10 1-freaked
1- 1=0 1- 1=0

÷

i
. .

'



Discharging POs of m2: Invariant Preservation
IL_out/inv2_3/INV

green ≠ red
il_tl = green
ml_tl = red ∨ il_tl = red
ml_tl = green
⊢ 
1 = 0

Second Attempt
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Exercise: Specify IL_tl_green/inv2_5/INV

Fixing m2: Adding Actions
ML_tl_green/inv2_5/INV
-

°

Concrete
grids metered{atbad Exercise : Proof

( =D
meet :-& 1-
Fell'=vxa'=aab'=bxc:c *

green -_ red ✓ red
-

- red
=

* ml.FI/--redv-il-rtl'--red
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Exercise: Specify IL_out/inv2_4/INV

Invariant Preservation: ML_out/inv2_3/INV

ML_out/inv2_3/INV

↳ vk.at/-nv2-4 discussed earlier

p
IL
-

Outta23
discussed earlier



Discharging POs of m2: Invariant Preservation First Attempt

ML_out/inv2_3/INV→ Exercise
I1-0UH
Tnk-41
INV

4.
expected to
see :

a similar
unprovablesequent

✓



Understanding the Failed Proof on INV

Unprovable Sequent from ML_out/inv2_3/INV
a + b < d

∧ c = 0
∧ ml_tl = green 
⊢ 

(a + 1) + b < d

atbad
•

<
it
.

L
-out

1=0

✗< if e.g. ✗=3
1=4⇒ ✗+KG

IN2-3 is preserved
> FEEL!ed that "false ⇒-✓1-

✓ (at)tb=d

(atDtb =D
t

no more ill-out allowed⇒ ml.tl := red



Fixing m2: Splitting Events
ml : Hl-out I1-0YFretief '

-

M2 : Hunt
- l HL-out-2 It-out-1 IL-out-2

☒ +
btd

v Il-out-2 b-1=0
* •
<
N1-0UE-1 old , >

. . . apart . .

<
what-2 brats II. out-1

>

•✗•
✗+ 1)+b=d b- 11=0

.
.

→
.

→

= b-1=6 = b-1=0

61^8 # of squats for INV:
Y HL

-
out split
It- out spkt 8 ✗ 5=40
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Current m2 May Livelock
*
I °

**
← Ilan •X•*←HL-onEI

IL-at-16- >
> •✗*

☐
HL-H✓

I
Expected trace : nodiuegofnx.ua

from

i-ni-sik.tl-great, Hi-out-111--11,I
answered 1%1+4

> also a valid trace of M2, but leading to tweak, T.SN#ttIL-tl-greasIl-oa-ts1Hl--iiserabkd?-IsIL-tl-g.
enabled?

: v

. fattend- divergent



Fixing m2: Regulating Traffic Light Changes

< init, 
  ML_tl_green, 
  ML_out_1,
  ML_out_2, 
  IL_in, 
  IL_in,
  IL_tl_green, 
  IL_out_1, 
  IL_out_2, 
  ML_in,
ML_in 

>

d = 2 ml_pass il_pass
1 1

Divergence Trace: <init, ML_tl_green, ML_out_1, IL_in, IL_tl_green, ML_tl_green, IL_tl_green, …>

To break the divergence patternsafter each newer
occurring> some old events occur.

> 'iml-tla.tl
-
tl

✓ both

7
^

☐ ,

red=

7-gift enables
✓
,

I 1

µÑ . I I

grew
"

, enable ✓ I I

¥:&
"" I 0

I 7-

ya
did disable >

I I
L

µ
find¥1k since µ

I 7-

yeah
. well owned 1 I

not" turned greets
eHff

'

ge%E¥xedtk4ne¥xedIl



Fixing m2: Measuring Traffic Light Changes

< init, 
  ML_tl_green, 
  ML_out_1,
  ML_out_2, 
  IL_in, 
  IL_in,
  IL_tl_green, 
  IL_out_1, 
  IL_out_2, 
  ML_in,
ML_in 

>

d = 2 ml_pass il_pass
1 1
0 1
1 1
1 1
1 1
1 1

01
1 1
1 1
1 1
1 1 occurrences of 

new events

variant: V(c, w)
+

- 2

- old 2
pupils z

•• •
'

•
'

•

'

• • • • •

-

•
2 ML-out-III.at- l

M '
•

• 2

✓
Occurrences• old 2

of
newsreels

- events 2

• 2



PO of Convergence/Non-Divergence/Livelock Freedom

A New Event Occurrence Decreases Variant

ML_tl_green/VAR

Variants: ml_pass + il_pass

*mÉ+Épis→
"

• End
-pass -1-1-pass

p%¥¥i¥%¥Ei"a¥*
to

ref ]"
T.nlevents

t.BY?j.pasi--0
IÉpass any:D>

of
]

* HultgrenF.



Lecture 2

Part S

Case Study on Reactive Systems -
Bridge Controller 
2nd Refinement: 
Relative Deadlock Freedom



PO of Relative Deadlock Freedom
Abstract m1

Concrete m2

I



Discharging POs of m2: Relative Deadlock Freedom

Ex?

Ex-2 EX3



1st Refinement and 2nd Refinement: Provably Correct

Correctness Criteria:
+ Guard Strengthening
+ Invariant Establishment 
+ Invariant Preservation
+ Convergence
+ Relative Deadlock FreedomAbstract m1

Concrete m2

superposition

I
diergwf.edu



Lecture 3

Part A

Case Study on Distributed Programs -
File Transfer Protocol
Initial Model: State and Events



Synchronous Transmission
Static Part of Model

Dynamic Part of Model

FTP: Abstraction and State Space in the Initial Model

eg . A-3 f- c- 1
. .#→ D-du.dz.dz, . - f- {did)sdid)

,

carriersets : membership abstracted away kids)}
✓

total functiondata -item

1
→t.ksfrder-maxsitff.de

transmission
E.g. A=3,

process
> ✓ GE1 . .¥1 > D=

d£¥¥d ✓ paiidfuncttondt.dz
,away ds

whether ¥* } conditional G-{ (1st)invariants 13M¥}hasbeenpmpktedvb-FAISE-g-oub-tp.it⇒ g. ftp.etransm-ss
"



init: 
sender’s file ready for transmission

final: 
sender’s file transmitted to receiver

FTP: Events of Initial Model

potestate
* enable

"
> of :-&

"Joi b FALSE

✓

→
b-- FALSE

post
!stat
of before

"

→ G :=ffinal transmission
got ,µbeb^Pk"

d '
b TRUE

* must%¥beheaded



PO of Invariant Establishment

K(c): effect of init’s actions

v’ = K(c): BAP of init’s actions

Components

Rule of Invariant Establishment

Exercise: Generate Sequents from the INV rule.

init/inv0_1a/INV

init/inv0_2/INV

n >0

f- C- 1 . .n→D
BOOLEAN __ { TRUE > FALSE }
1-

- ✓
%. g) c- 1 . .nl > D

0

¥¥g'= AB11-8DE
n >0

f- C- 1 . .n→D
BOOLEAN __ { TRUE > FALSE }
1-
b'=FHSE⇒g'=
FALSE 0



Discharging PO of Invariant Establishment
n>0

ARI FEI . .
it→☐

BOOLEAN ={TRUE, FANE}
TRUE

-
R

O
- t

T THE
$ is always a partial function
whose domain & range are

HON 1-

FA5E Fast⇒0=0
ARI t_ TRUE

-R

→ FALSE = FADE IT

② 0=0 IT
③ 1- ⇒ T =_ T



Exercise: 
Generate Sequents from the INV rule.

Rule of Invariant 
Preservation

final/inv0_1a/INV final/inv0_2/INV

PO of Invariant Preservation

-

.

BAP:I
✓ £-111b'=Ff#I

✓
E- TRUE ⇒off

no
*

¥-1 . -1-1>17 NO FALSE
FE1 . .n→D FE1 . .n→D f-
BOOLEAN -_ {TRUE> FALSE} BOOLEAN -_ {TRUE> FALSE}

GE1 . .n→D GE1 ..it#DbEBo0LEANbe BOOLEAN
b-- FALSE -59=0 b=FAHE⇒g=&
b=TRUE⇒g=f b=TRUE⇒g=f
b-- FALSE b TA4E

1-
*

1-
**



Discharging POs of m0: Invariant Preservation

final/inv0_1a/INV

final/inv0_2/INV

final/inv0_1b/INV

final/inv0_3/INV

D.a total fun .
is a special case
of partial the

✓

Now fc-I.in→☐
ARI

t

f-C- 1 . . it→D

②But a partialfun
is ¥1 necessarily a

total fun .

① TRUE=FALSE
= 1-

MON Farting ⇒ f-=p②1-⇒P=" T
ARI

1-
-1

TRUE
-R



Summary of the Initial Model: Provably Correct

Correctness Criteria:
+ Invariant Establishment 
+ Invariant Preservation
+ Deadlock Freedom



Lecture 3

Part B

Case Study on Distributed Programs -
File Transfer Protocol
1st Refinement: State, Events, Proofs



FTP: Abstraction in the 1st Refinement
m0: most abstract

m1: more concrete than m0 ftp.%fEnwn.us2. gradual
7

syndrome
" & =n-11

instantaneous



FTP: State Space of the 1st Refinement

Exercises
inv1_2: elements up to index r - 1 have been transmitted
inv1_3: transmission completed means no more elements to be transmitted
thm1_1: transmission completed means receiver has a copy of sender’s file

Static Part of Model

Dynamic Part of Model

r value indicates :

> {(↳a) a. (2. b) a. (%)} ✗
1- Which element to be
transmitted

☐ 2. what elements
have been

7- transmitted
= % (I . .

=

-I ☐no more
4. trans-

1.04£ I 1 .
-14£ 11. .24f= mission

2 11
2

'

=D { that} {Usa)skbB '

* * h-IE.CI?4f1=..O=--0 {(Isa) > laid,** { 1,2s . . -sr- I}tpbwvedtor] ***
** b=TpuE⇒r=n+ ,

** b-TRUE ↳CB
IIestablish.eIÉ¥i•^ II. need be provedfor 2. to be proved as

⇒ h=f
1 . .44f

establishments preservation derivabefom-nvaro.at =

domcf)
✓

✓



init: getting the transmission ready

FTP: Concrete Events in 2nd Refinement

receive: transmitting element by element

final: finalizing the transmission

"
¥ 0

§⇐=2 + / b :
-

- FALSE

☐ ?
4m¥ h :=0pitot 0h := index

7- {(Isa)} vi. = I0. U{①,aB u ② ?
L ② r:=r-11 {t④bB Exercise

wife ② r :=r-11 f v Tren
as soon

final

" receive
" behold → h :=hu{ craters)}

*disabled ,
"final

" should be # "j:{¥11bn tendersready to '-pr÷£_
today . b-- FALSE shoulda

→ r=n -11 hidden

☐→ b TRUE



I hope you enjoyed learning with me ¥

All the best to you £


